Chapter 1

Vector Analysis

Problem 1.1

(a) From the diagram, [B + C|cosf3 = |B| cos6: + |C| cosf,. Multiply by |A|.
|A||B + C| cosb3 = |A||B| cos6; + |A||C|cosbs.
So: A+(B + C) = A-B + A-C. (Dot product is distributive.) 2
Similarly: |B + C]sin 63 = {B|sin; + |C]|sin@,. Mulitply by |A|A. / -
JAl|B + C|sin6s & = |A||B|sin6; & + |A[|C| sin 6, &. Sl Vislame:
If fi is the unit vector pointing out of the page, it follows that H
AX(B+C) = (AXB) + (AxC). (Cross product is distributive.) IBlcos6y  |C|cos b2

(b) For the general case, see G. E. Hay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and
Section 8 (cross product).

:}(Clsin 62

Problem 1.2
The triple cross-product is not in general associative. For example, c
suppose A = B and C is perpendicular to A, as in the diagram.
Then (BxC) points out-of-the-page, and AX(BXC) points down, A=B
and has magnitude ABC. But (AXxB) = 0, so (AXB)xXC =0 # :
AX(BxC). BXC yAx(BxC)
Problem 1.3 2
A=+1%+19-12;A=V3;B=1%+19+1% B=V3. 4
AB=+1+1-1=1=A4Bcosf = v3V/3cosf => cosf = }. A

6 = cos™ (3) = 70.5288°

Problem 1.4

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example,
we might pick the base (A) and the left side (B):

A=-1%+2§+02B=-1%+0§+32.
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x § 2

-1 2 0|=6%+3y+22.

-1 0 3

This has the right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its

length:
|AXB[=+v36+9+4="1.

Problem 1.5

AxB=

% ¥ Z
AX(BXC) =

A Ay A,
(ByC: ~ B,Cy) (B:Cs—ByCs) (BsC, — B,Ca)
= #[Ay(BzCy — ByCy) — A;(B:Cy — B2 C2)] + 9() + 2()
(DI just check the x-component; the others go the same way.)
=%(AyB:Cy ~ AyByCr — A:B,Cs + A:B2C.) + 9() + 2().
B(A-C) ~ C(A'B) = [B;(A;C: + AyCy + A;C.) — Co(AsBs + AyBy + A:B.)| %+ 0¥+ ()2
= %(AyB.Cy + A:B,C. — A,B,C; — A, B:C:) + 9() + (). They agree.
Problem 1.6
Ax(BxC)+Bx(CxA)+Cx(AxB) = B(A-C)-C(A-B)+C(A-B)~A(C-B)+A(B-C)-B(C-A) = 0.
So: AX(BxC) - (AxB)xC = -Bx(CxA) = A(B-C) — C(A-B).
If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or
one is zero), or else B-C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0).
Conclusion: |A><(B><C) = (AXB)XC <= either A is parallel to C, or B is perpendicular to A and C.
Problem 1.7

2= (A% +69 +82) — (2% + 89 +72) =[2X— 25 + 2

Problem 1.8

(a) AyBy + A, B, = (cos Ay + sin A, )(cos ¢ By + sin ¢B:) + (—sin pAy, + cos pA,)(— sin ¢ B, + cos $B;)

= cos® pAy By + sin ¢ cos ¢(Ay B, + A, B,) + sin $A, B, + sin’ ¢AyBy — sindcos §(Ay B, + A.By) +
cos® pA. B,

= (cos® ¢ + sin® §) Ay By + (sin® ¢ + cos® $) A, B; = AyBy + A, B,. v
() (A2)? + (A)? + (A:) = B A4 = B2 (S50 R 4y) (Shog RueAr) = Tk (BuRog Bur) Ay A

1 if j=k
3 -

2,=1R.,R.k—{ 0 if j#k }‘
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then 3,4 (5, Ry Ru) A, Ax = 5, Ry Ry, and this must equal 1 (since we
want Ay + A+ A, = 1). Likewise, 53, Ry Ri = B2, RigRug = 1. To check the case j # k, choose A = (1,1,0).
Then we want 2 = £, ¢ (L, RyjRux) AjAx = T, Ra Ry + %, RoRip + . RuRis + 5, R Ry But we already
know that the first two sums are both 1; the third and fourth are equal, so =, Ri Rz = %, Ro R,y =0, and so
on for other unequal combinations of j, k. v/ In matrix notation: RR = 1, where R is the transpose of R.

This equals A2 + A} + A2 provided




Problem 1.9
)Z Looking down the axis: %

_ A 120° rotation carries the z axis into the y (= %) axis, y into = (=), and « into z (= ). So A, = Az,
A=Az, A=Ay

001
R=[100
010

Problem 1.10

® Az = Ao By =y B = 42)
(6) [A— —A,]in the sense (A = —As, &y = ~ Ay, & = —As)

() (AxB) — (~A)x(~B) = (AxB). That s, if C = AxB, [C — C]. No minus sign, in contrast to
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (AXB) — (A)x(B) =
(AxB). So the cross-product of two pseud ors is again a pseudovector. In the cross-product of a vector
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a vector.
Angular momentum (L = rxp) and torque (N = rXF) are pseudovectors.

(d) A-(BXC) — (=A)-((~B)x(~C)) = —A«(BXC). So, if a = A-(BXC), then a pseudoscalar
changes sign under inversion of coordinates.

Problem 1.11

(QVf=22%+3y°§ +42°2

(B)Vf = 2zy32t & + 32y?24§ + da*P 2

(©Vf=esinylnzk +ecosylnzy +e”siny(1/2) 2

Problom 1.12

(a) Vh = 10[(2y — 62 — 18) % + (22 — 8y + 28) §]. Vh = 0 at summit, so
2y 6z~ 18=0 e B
2 — 8y + 28 = 0 => 6z — 24y + 84 =0 }2” 18- 24y +84=0.
Wy=66=>y=3—2—-244+28=0=>z=-2.

Top is | 3 miles north, 2 miles west, of South Hadley. |

(b) Putting in z = -2,y = 3:
h=10(~12 — 12 — 36 + 36 + 84 + 12) =

(0) Putting in ¢ =1,y =1: Vh=10[(2—6— 18) % + (2 — 8+28) §] = 10(—22% + 229) = 220(- % +7).
|Vh| = 220v/32 ~ [311 ft/mile | direction: [northwest.
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Problem 1.13
r=@-2)x+@W—-y)F+(z-2)% 2=/(@-22+y—-y)2+ (-2
® V(a“) = 2l (=g (= 2R+ GOI+ £08 = 2o —2) R+ 20y —1)§ 42z 2 =2a.

51[(1 )+ -y’ + (- ')“]"x+80 g+ 20tz
‘( “fa(z-a)x - 10"ty - )7 - 30 %2(1—1’)2
Ot = 24 (= 1) 7+ (2 = )] = (10 = (1223

(c) Z(»") =no" 18 = nanY(4124;) = na" iy, 50| V(") = a4,

Problem 1.14

y cos ¢ + z sin ¢; multiply by sin ¢: Fsin ¢ = +y sinpcos$ + 2 sin’ §.
y sin ¢ + z cos ¢; multiply by cos¢: Zcos¢d = —y sinpcos ¢+ z cos ¢.
Add: Fsing +Zcos ¢ = z(sin? ¢ + cos? ¢) = z. Likewise, Fcos$ — Zsing = y.
So 9" =cosg; 3 = —sing; & 8‘ =sing; & = cos ¢. Therefore

), =4 = F5t + L& =+ cosd(V1), +3in (V).
V/) - 52 gg + ;[8‘ —sing(V f)y + cos §(V f) So Vf transforms as a vector. ged

Problem 1.15
(Q)V-va = £(a?) + £ (302%) + £(-202) =20 +0 -2 =0.

(6)V-vs = £(zy) + &(2y2) + £(322) =y + 2z + 3z.

(©V-ve = &%) + &2y + %) + £(2y2) = 0+ (22) + (2y) = 2(z +)-

Problem 1.16
Vo= B,(-,)+‘,v(4§)+;,(1) 2 [aa(a;2 +9? 4274 [pa g2+ ) H| 4 22 407 42978
=07 E+a(=3/20 420+ 07 + (- 8/20” hy +07E +2(=3/2)07F2
=33 —3r%(z® +y% +2%) =3r3
This conclusion is surprising, because, from the dmgram, this vector field is obviously diverging away from the
origin. How, then, can V-v = 0?7 The answer is that V-v = 0 everywhere ezcept at the origin, but at the
origin our calculation is no good, since 7 = 0, and the expression for v blows up. In fact, V-v is infinite at
that one point, and zero elsewhere, as we shall see in Sect. 1.5.
Problem 1.17
0S vy + sin pv;; T, = —sindpvy +cos pv,.

ﬁff

= "Tz cosg+ 3 sing= (G0t + Grgz) cosp+ (B3 + G &) sing. Useresult in Prob. 114
= (%”4 cos ¢+ 5 @'- smqﬁ) cos ¢+ (‘i"A cos¢p+ G sm¢) sin ¢.

2% By ¢+ﬁtcos¢——(%’£5‘;‘+m a.)sin¢+(8” ’%,%+‘9 a;) cos ¢

o
=7( %l sm¢+—'~ cos¢) sxn¢+(—%—"* s)n¢+%"; oos¢) cos ¢. So

=%‘Lcos’¢+%’l snn¢ws¢+~‘ singcos ¢+ 9 smz¢+% sin“q}—%"}sinqbcosd)

g8
T
8



—ﬁl sin$cos$ + % —V‘ cos? ¢

=ﬂ"v (cos? ¢+sm ¢)+@'-(sm ¢ +cos?g) = —'-+—* v

Problem 1.18

x 9y 2
@Vxva=| & & & |=%0-622)+5(0+22) +2(37 - 0) =
22 8z2® —2zz
x § 2
OVxv=| & & & |=%0-2)+50-32)+20-z)=|-2y%X 329332
zy 2yz 3zz
% v 2
() Vxve=| & 2 2 | =%(22-22) +5(0-0) +3(2y — 29) = [0]
2 (2zy+2%) 2z

Problem 1.19
v=yk+zForv=yrR+azy+ayh;orv=(322z—2°) X +39 + (z° — 3z2) %;
or v = (sin z)(cosh y) & — (cosz)(sinhy) §; etc.

Problem 1.20
0 V(o) = YD 80 g 1 05 = (52 4 g8L) k+ (1B +93) 7+ (1% +93E) 2
=7 (gxr By o) rg(Er+ Ly séz)-wg)w(vn. qed
(v) V-(AXB) = £ (A,B. — A;B,) + £ (A:B: — A:B:) + §; (A=By — AyB:)
=A,&+B%ﬂ A,"—": By%+A,B—B'-+Bz§;‘ﬁ A.%E - B %
+4,%8x B 2Ax _ 4,88 _B %
. (4 ) o~ 5. (3 ) - e ()
—4, (%= - %) A, (ﬁm ﬁ’n) B-(VxA) - A:(VxB). qed
(V)VX(fA)_(M-M),—‘_,_(M M)y.,.(ﬂLxl-_&E_-z)-
=(fQAA+A-£ 7% Aya)x+(fﬂ‘+A3‘f 12— 4.5
(fPﬁ+Ay5£ f—l—A,ﬁ)i
o[ ) s ()
_[(A"ﬁf'AWV)“'(A‘ - ) +(4:8 - Avow)a]
=/f(VxA) - Ax(Vf). ged

Problem 1.21

(@) (AV)B = (4,280 + 4,2 + 4,28 ) 2+ (4 5 + A5 + 4%y
+ (A% A%+ 4.92)2.

5 %% Let’s just do the z component.

-V)i]

V)i, = 5,0 :
1, = 3= (vd +od +28) yodmrm
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= Ha [+ a(-Dhy2e] +vo [-hphp] + 22 -3 ipe2e] }
HE- 3@ o +a?)} = HE- 3 (@4 + )} =1 (E-9) =0
Same goes for the other components. Hence: n

©) (va-V (x’ 24 31:22— —2zz ﬂz) (zy % +2yz§ + 3723)

=22 (yx+09 +328) +3x22 (zX + 229 +02) — 222 (0% + 2y ¥ + 3z2)
= (2y + 32%22) & + (622° — dayz) § + (322 — 6222) 2

=|:c2 (y+3zz)i+212(322~2y)§'731212]

Problem 1.22
(ii) (V(A-B)], = & (AcBu + AyBy + A;B.) = %2 B, + A, %8s + 228, + 4,92 + %4:B, 4 4,28
[Ax(VXBJ], = 4,(VxB): ~ A:(VxB), = 4,(% = §) - A (% - )
[Bx(VxA), 7B( %x) B, (8 — 84:)
[(A-V)B], = (Aaz?-+Ay5+Azaz)Ba~AzM‘+A8—B‘+A=TB‘
[(B-V)Al, = B, % + B, %> + B. %=
So [Ax(VxB)+Bx(VxA)+(A V)B + (B- V)A]
AP — 4,%8: — A, %8s 4 4,08 g O _p o4 _p odp o4
+Az%‘i=+A,,——t+A,% +B,%+B,,%‘;n+3.—5—x
= B A0 By (G - O 1o ) A (O - e + )
B, (- 341+Q‘4+741 )+ 4:( %«Lﬂxnhﬁit
= [V(A-B)], (same for y and z)
(i) [Vx(AXB)l, = £(AxXB); = &(AxB), = £(A:By— AB:) - £&(A:B: — A:B:)
= %B + A5 - GaB, - A% - Yp, A, %%+%B;+Aﬁ§*
[(B-V)A — (A-V)B + A(V-B) — B(V A)]
—B¢%+B,,ﬂ=+3%- Ag%Be — A, 0B — A, %8st A (9 + 5+ 985) — Bo (Y + B 4 9y
—Bv By +A2(_%+%+‘ﬂ!+%)+32$’$ a;y é‘z
+ Ay (—5F2) + A (= %5x) + B: (%)
= [V x(AXB)], (same for y and z)
Problem 1.23

V(fl9) = Z(fl9)x+ By(flg)y +&(f/9)2

= Jf—,—é'fa x+—"—r”L f”ly-‘)——é—;—ﬁ-’ 2

= ;l,f(gix+ ) f(%g:‘:+§§y+%}i)]= VISIY . ged
V-(Alg) = £(4:/9)+ a—(Av/gH £(4:/9)

_ 9% A y—s—l A, 88 g%a-a. Y
= el o
= ;1,[9 (e + 2 +Ma) (482 + 4,38 + A4, 5)] = A58 geq



(Vx(Afal, = &(A:/e) - F(klo)
= ”;Tx'i;nﬂ‘i_uil_;l“_vﬁ
- 2l )" (o)

M%M (same for y and z). qed

Problem 1.24

£ § 2
@) AxB=| z 2 3z |=x(6zz)+F(92y)+8(—22* — 6y?)
3y -2z 0

V-(AxB) = £(622) + £ (92y) + £(-207 —6y?) =6z + 9z + 0 =15z
VxA =%(§32) - @) +3 (£@) - £(32) +2 (&) - £(=)) =0 B(VxA) =0
VxB =% (%(0) - g;(—z:)) +7 (2@ -20)+2 (;,%(_21) - ;,%(3!,)) =52 A(VxB)=—15z
V-(AXB) £ B{(VXA) — A-(VXB) =0 — (~15z) = 15z. v
(b) AB = 3zy - dzy = —zy ; V(AB) = V(-ay) = *Z(-2p) + I & (o) = ~yx - 2§

3z | = %(—10y) + 9(5z); BX(VXA) =0

(A-V)B = (zg; +oud+ 3;%) (3y% — 22§) = %(6y) + §(~2z)
(B-V)A = (3;,;; - 2:%) (2% + 29§ +322) = X(3y) + ¥(—4z)
AX(VXB)+Bx(VxA)+(A-V)B+ (B-V)A
= _10y%+529 +6yX— 20§ +3yX— 42y = ~y% — 9 = V-(A-B). v
(0) VX(AXB) = % (§(-20% - 69%) ~ £ (921)) + 7 (£(622) — £(~20* — 64) + 2 (£(920) - £ (622))
= %(—12y — 9y) + 9(6z + 4z) + 2(0) = 21y %X + 10z 3
VA=L(@) + &) +£B2)=1+2+3=6; VB= Z(3) + £&(-20) =0

(B-V)A - (A-V)B +A(V-B) —B(V-A) =3y —4c 9 — by % + 229 — 18y% + 1229 = —21yx + 10z §
=VX(AXB). v
Problem 1.25

E

() %Tf = %&T’ = ‘;Z—T:‘ =-T =>1V2Tb =-3T, = —3sinzsinysinz.|
25T,
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Problem 1.26
v (Vxv) =& (- Gm) + & (G- )+ & (-5
= (%’g‘; - %;) + % - ng’g';) + (%"5 Zuy ) =0, by equality of cross-derivatives.
From Prob. 1.18: VXvp = —2y% — 329 — 22 = V«(Vxvs) = Z(-2y) + %(-—31) +&(-z)=0.v
Problem 1.27

~

% 3 2
|2 2 8 |_gen ey, o8 _ o o _ ot
VXV =| % gy o | =X(ge ~ otey) + (o8 — an) + 2k — gy
5 8 B

bz
=0, by equality of cross-derivatives.
In Prob. 1.11(b), vf 2y z"x+3a:2 224§ + 42%y%2% 3, so

vxwn=| & % é’,
zzya 4 szazd 4121]313

= %(3-42°y%2° — 4 32%y°2%) + 9(4 - 22y°2% — 2 day®2®) + 3(2 - Bzy®2t — 3 23y%2%) = 0. v
Problem 1.28
(a) (0,0,0) — (1,0,0).2:0 > Ly =2z =0;dl = dze%;v-dl = 2?d; [v-dl = [j z’dx (=2/3))3 =1/3.

(100)—)( ,1,0.2=1y:021,2=0dl=dyy;v-di=2yzdy=0; [v-dl=

1,1,00 — (1,1,1).s=y=1,2:0- Lidl=dz#;v-dl=y?dz=dz [v-dl = fo z—z|‘1,=

Total: [v-dl=(1/3)+0+1
(b) (0,0,0) — (0,0,1). 2=y =0,2:0 = L;dl=dz%v-di=y*dz=0; [ v-dl = 0.

(0,0,1) — (0,1,1). 2 =0,y:0 > Lz=Ldl=dyy;v-dl 2yzdy=2ydy;fv-dl=ﬂ2ydy =y’=1

0,1,1) — (1,1,1). 2: 0 Ly =z = Lidl=da&;v-dl = 2de; [ v - dl = [} o2 dz = (z3/3)[§ = 1/3.

Total: [v-dl=0+1+(1/3)=
(© z=y=2:0-1;dz = dy = dz; v - dl = 2® dz + 2yzdy + y° dz = 2? dz + 22 dz + 2° dz = 4z dz;

[v-di= [} 42%dz = (42°/3)}}
(@ $v-di=(4/3)- (43) =
Problem 1.29

Ly :0 o Lz = Ojda = dedy%;v-da = y(2* - 3)dedy = ~3ydedy; [v-da = ~3 [Pde [Pydy =

-3(1’3)(%@) = -3(2)(2) In Ex. 1.7 we got 20, for the same boundary line (the square in the zy-
plane), so the answer is e surface integral does not depend only on the boundary line. The total flux
for the cube is 20 + 12
Problem 1.30
JTdr = [ 2?dzdydz. You can do the integrals in any order—here it is simplest to save z for last:

21 (f )]

The sloping surface is z+y+2z = 1, so the z integral is fnu_"_') dz = 1—y—2z. For a given z, y ranges from 0 to
12,50 the y integral is [ (1—y—z)dy = [(1-2)y— @¥/DS ™ = (1-2)? - [(1~2)?/2] = (1-2)*/2 =




©

(1/2) = 2 + (22/2). Finally, the z integral is [} 22(3 —z+ £)dz = [j(5 -2+ 5)dz = (5 -5+ )b =
%_ 1
Problem 1.31

T(b)=1+4+2="7; T(a)=0. = [T(b)—T(a) =
= (22 + 4y)% + (42 + 223)§ + (6y2%)2; VT-dl = (2z + dy)dz + (4z + 22%)dy + (6y22)dz

(a) Segment1: £:0-1, y=z=dy=dz=0. [VT-dl= fo(Za:)dx—z‘I
Segment 2: y:0—1,2=1,2=0,dz=dz=0.[VT-dl= f0(4 dy—4y|0=4 f:VT'dl=7-\/
Segment 3: z:0—=1, z=y=1, dv=dy=0. [VT-dl = [}(6z%)dz = 25|y =2.

(b) Segment 1: z:0 1, z=y=dz=dy=0.[VTIdl= fn(O)dz— .
Segment 2: y:0-31, z=0, z2=1, dz=dz = 0. [VT-dl = [} (2)dy = 2ylp = 2. [Evra=1v
Segment 3: z:0—1, y=z=1,dy=dz=0.[VT-di= fo (2z +4) dz 2 -

= (@ +4)f;=1+4=5.

@©z:0-1, y==2, z=2% dy=drdz=2zdz.

VT-dl = (22 + 4z)dz + (42 + 22°)dz + (6z2%)2z dz = (10z + 142°%)dz.

[2VT-dl = [} (102 + 14s%)dz = (52° +227)[; =5+2=7. v
Problem 1.32

Vv=y+22+3z

J(Vvidr = [y+22+30) dedydz = [[{f3(y+22 +32) d:c} dydz
[y +22)z + %zz]: =2(y+22)+6

f{fo(2y+4z+6 dy}dz
[ +(4z+6y]0—4+2(4z+6) 82+16

= [2(8z+16)dz= (422 +162); = 16+32 =
Numbering the surfaces as in Fig. 1.29:

(i) da = dy dz %,z = 2. v-da = 2ydydz. [v.da = [[2ydydz = 2y2l: =8.
(ii) da = —dy dz %,z = 0. v-da = 0. [v-da =0.
(iii) da = dzdz §,y = 2. v-da = dzdz dz. [v-da = [[4zdzdz = 16.
(iv) da = —dzdzy,y = 0. v-da =0. [v-da = 0.
(v) da dy,z =2. v-da=6zdzdy. [v-da = 24.
(vi) da = —dzdy 2,z =0. v-da=0. [v-da =0.
= [vida=8+16+24=487
Problem 1.33

Vxv==%0-2y)+9(0-32)+2(0—z) = -2yX - 32§ —z2.
da = dy dz %, if we agree that the path integral shall run counterclockwise. So
(Vxv)-da = —2ydyda.
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J(Vxv)da = f{fg“' ——Zy)dy}dz

3 yﬂlﬂ—z =—(2-2)?
- J& 4—4z+z’)dz—— (42—2:2+’3—3) z
~(5-8+3) =[-5] X

Meanwhile, v-dl = (zy)dz + (2y2)dy + (32z)dz. There are three segments. v

1]

z

(s)\ N\

(@)
MNz=z=0de=dz=0.y:02. [vdl=0.
(2z=02=2-y; dt=0, dz——dy,y 2 = 0. v-dl = 2yzdy.
Jvdi= [ 2y(2- gy = - [ (4y - 2P)dy = — (2° - B®) [ = — (8- %~
B z=y=0de=dy=0; 2:2-0. v-dl=0. [v.dl=0. So §v-di=-8. v
Problem 1.34

By Corollary 1, f(V X v)-da should equal 3. VXv = (422 — 2z)% + 22%.
(i) da=dydzk, z=1; y,2:0 = 1. (VXV)-da= (427 — 2)dydz; [(VXv)-da= f‘,‘(422 —2)dz
= (§° -2 =4 ~2=-1%
(ii) da = —dzdy2, 2=0; z,y: 0 =+ 1. (VXV)-da=0; [(VXv)-da=0.
(i) da = dzdz§, y = 1; 2,2:0 =+ 1. (Vxv)-da=0; [(Vxv)-da=0.
(iv) da= —dzdzy, y=0; 2,2:0 > 1. (VXV)-da=0; f(VXv)-da=0.
(v) da=dzdy2, z2=1; ,y: 0 = 1. (VXv)-da =2dzdy; [(VXV)-da=2.
= J(Uxv)da=-3+2=%.v

Problem 1.35

(a) Use the product rule VX (fA) = f(VXA)— A x(Vf):

/Sj(VxA)~da=/SVX(fA).dH/S[Ax(vf)]-da=j£’fA-dl+/s[Ax(Vf)]-da. qed.

(T used Stokes’ theorem in the last step.)

(b) Use the product rule V-(A xB) =B-(VxA) - A-(VxB):

/\)B-(VxA)dr:/vV'(AxB)df+/vA-(VxB)dr=fi;(AxB)Ada+/vA-(VxB)d‘r. qed.

(I used the divergence theorem in the last step.)
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Problem 1.36 [r =

TR 0= (i) st ().

Problem 1.37

There are many ways to do this one—probably the most illuminating way is to work it out by trigonometry
from Fig. 1.36. The most systematic approach is to study the expression:

r=zX+y§+zZ=rsinfcosgX +rsinf@sing§ + rcosda.

If I only vary r slightly, then dr = z- 2 (r)dr is a short vector pointing in the direction of increase in r. To make
it a unit vector, I must divide by its length. Thus:

TIPN
P= 0 =22
s 1%l

& = sinfcos¢x +sinfsing§ +cosf;
o

s;n20c0s7¢+sm @sin® ¢ + cos? 0 = 1.
% —rcosﬂcosq}x+rmsﬂsm¢y—rsm9z

® = r2cos? fcos? ¢ -+ r2 cos? fsin® ¢ + r2sm?§ = r2.

g—;:—rsinﬂsin¢ﬁ+rsin9ws¢y; [g—;F: 2 sin? @sin® ¢ + 72 sin? @ cos? ¢ = 12 sin? 6.
i sin@cos@% + sinfsin ¢y + cos6 2.
=8 =cosfcospk+cosfsnd§ —sinf 2.

¢ =—sinpX+cospy.
Check: sin® §(cos? ¢ + sin® ¢) + cos? @ = sin? @ + cos?’d = 1, v
= —cosfsinpcos¢ + cosfsinpcosdp =0, v etc.

sinf# = sin? @ cos pR + sin® fsin ¢ § + sinfcosf 2.

cos 60 = cos? fcos R + cos? G sinpF — sin 0 cos 2.
Add these:

(1) sinff+cos§8 =+cosp%+singy;

(2) ¢ =-—singk+cospy.
Multiply (1) by cos¢, (2) by sin ¢, and subtract:

[ = sing cos o7 + cosfcos p 6 — sin 9 .
Multiply (1) by sin ¢, (2) by cos ¢, and add:

[5 = sinfsin g + cosfisin 66 + cos s .

sinf cos@ cos & + sinf cosfsin pF + cos® 0 2.
sin 6 cosf cos ¢ % + sinf cos@sin ¢ ¥ — sin? 02.
Subtract these:
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Problem 1.38

(@) Vovi = 5 2022 = H4r% = 4r
JOVv)dr = () sin6drdodg) = (4) [} rodr [ sin0.d8 [37dg = (4) (&) (2)(2r) =[4mR?]
[vi-da= [(r2F)-(rsin 0 db dg ) = r* [J sinBdf [7" dp = 4wR* v (Note: at surface of sphere r = R.)

(b) Vova= 52 (r?h) =0 = | f(V-vy)dr =0
[va-da = [(&F) (2sinfdf dp?) = [sinfdb dg =
They don’t agree! The point is that this divergence is zero ezcept at the origin, where it blows up, so our
calculation of f(V-v2) is sncorrect. The right answer is 47.
Problem 1.39

Vv =

(r? 1 c088) + 5k 25(sin 075in0) + k7 & (rsin f cos §)
? 080 + b 7 2sin0 cos b + g 7 sin 6(— sin ¢)

18
w2or
& 3r
3cosf +2cosf — sing = 5cosf — sin

J(Vv)dr = f(5c0s6 — sin¢) r? sin0dr dg dg = [Fr? dr [ [ 27 (5 cos § — sin ¢) d¢] dBsing
“—>2n(5cos6)

(&) qom) fF singcos ,dp

<3 an’e z_1
I

Two surfaces—one the hemisphere: da = R®sinfdfdp#; r=R; ¢:0—2m, 6:0— 3.
Jv-da= [(rcos6)R?sinfd6 dp = R‘q‘f;‘L sin@cos@dﬂj;)z" d¢ = R® () (2n) = =R,

other the flat bottom: da = (dr)(rsin8dg)(+6) = rdrdp6 (here § = ). r:0 5 R, ¢:0— 2m.
Jveda = [(rsin6)(r dr dg) = fuxvz dr foh dp = Z'erTs.

Total: [v-da =R+ 2aR®=4xR%. v

Problem 1.40 l Vt = (cosf +sindcos ¢)f + (~sin + cosfcos $)0 + 7 (~sifsin )b

vt V-(Vi)

L& (r?(cosf + sinf cos 4)) + sk Z (sinO(—sin 8 + cosfcos ) + k7 & (—sin )
7 2r(cos 0 + 8in 0 c0s §) + 75ty (—25in 8 cos @ + cos? 6 cos ¢ — sin® 6 cos ¢) — k7 cos b
”i‘n,[Zsindfos0+25in29cos¢—25in9fos9+coszf)cos¢ — sin? 6 cos ¢ — cos ¢]

= i [(sin*8 + cos® ) cos p — cos ¢] = 0.
>
Check: rcos@ = z, rsinfcosé =z = in Cartesian coordinates ¢ = z + z. Cbviously, Laplacian is zero.
Gradient Theorem: [ Vit-dl = t(b) — t(a)
Segment 1: § =3, ¢ =0, r:0 2. dl=dr#; Vi-dl=/(cos@ +sinfcosg)dr = (0 + 1)dr = dr.
[Vedl = [Jdr=2.
Segment 2: 0 =%, r=2, $:0 3. dl=rsin0dpd =2dp .
Vit-dl = (—sin $)(2dg) = —2singds. [Vedl=— [F2sinpdp = 2cosg|§ = —2.

1]




Segment 3: r =2, ¢ § 6: 5

dl=rdof=2dob; thl—(—sin0+cosﬁcos¢)(2d9):AZSinGdﬂ.
[Vtdi= —f?2sm€d0 = 2cos6]} = 2.

13

Total: [ Vi-dl=2—2+2=[2] Meanwhile, t(b) — t(a) = [2(1 +0)] - [0()] = 2. v

Problem 1.41 From Fig. 142, (8 = cos¢ % +sin¢§; ¢ = —sing% +cosdy; 2 =12

Multiply first by cos ¢, second by sin ¢, and subtract:
§cos¢p — ¢sm¢ﬁcos %+ cos psin ¢ § + sin® ¢x—sm¢cos¢y_x(sm ¢+ cos? )

so[ = -smp ]

Multiply first by sin ¢, second by cos ¢, and add:
8sing + Ppcos¢ = sin pcos pX + sin® ¢ F — sin pcos gk + cos? p§ = P(sin? ¢ + cos® ¢) =

So|y =sing$§ +cos¢¢.

Problem 1.42
() Vov = L2 (ss(2+sin¢)) + (ssm¢cos¢)+l(3z)
125(2 + sin® (13)—i~;e1(¢:os2 —sin?¢) +3
4+2sin2¢+oos2¢—sin2¢+3
4+sin’¢+cos?p+3=8]
(b) (V-v)dr = [(8)sdsdpdz =8 [7 sds [F do [} dz = 8(2) (5) (5) =
Meanwhile, the surface integral has five parts:
top: z =5, da = sdsdp2; v-da = 3zsdsd¢ = 15sdsd¢. fv-da_lﬁj;, sdsf0’ d¢ = 157.
0, da = —sdsdg#; v-da = —3zsdsdp=0. [v-da=0.
z da~dadz$,vda—asln¢cos¢icdz 0. [v-da=0.
left: ¢ =0, da= —dsdqu, vda_—ssln¢cos¢dsdz_04 fvda_O
front: s =2, da-sdzﬁdzs, vda——a(2+sm $)sdpdz = 4(2 + sin® $)dg dz.
Jv-da= 4fu (2 +sin® ¢)d¢f° dz = (4)(7 + §)(5) = 257.
So fv-da = 157 + 257 = 40m. v/
© Vxv = (,M(sz) (ssm¢cos¢))s+(",(s(2+sm’¢))—,,%(3z))4‘>
+1 (E(s sin ¢ cos ¢) — 37 (s(2 +sin? q}))) F
= %(Zssin¢cos¢—325in¢cos¢)=

(LI}

I

Problem 1.43

(2) 3(3%) -2(3) -1 =27~ 6~1=20.]
(b) cosm =
()
(d)In(-2+3)=In1=

Problem 1.44
(a) [%,(2 + 3)18(2) dz = 3(0+3) =[1.]
(b) By Bq. 1.94, 6(1 —2) =d(z — 1), s0 1 + 3 + 2 = [6.]
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© [}, 92236z + 1) de =9 (-1)*}
(d) |1 (if a>b),0 (ifa<b).
Problem 1.45

(a) [22, £ (2) [o8(2)] de = = f(@)0(@) %, ~ [25, 4% (2 f(2)) 8(x) da.
The first term is zero, since d(z) = 0 at +oo; % (z f(z)) = z% + "‘/ = zi +f.

So the integral is — [, (¢4 + £) 6(z) de = 0= £(0) = =£(0) = = [, f(2)6(z) do.
So, z:&6(z) = —é(z). qed
®) 23, 1) dds = 1PN - I, £0(@)de = f(o0) - [§° dz = f(c0) = (f(c0) - £(0)

=f(0)= f_mf(z 5(z) dx So L =5(z). qed

Problem 1.46
(a) | p(r) = g8%(r — r'). | Check: [p(r)dr =g [6*(r —1')dr=¢q. ¢
(b) | p(r) = g8°(r — ') — ¢8%(x).
(c) Evidently p(r) = A8(r — R). To determine the constant A, we require

Q= [pdr = [AS(r — R)dnr®dr = A4rR?. So A= S |p(r) = 5u0(r— R
Problem 1.47
(a) e’ +aa+a?=
(b) J(r — b)2&83(r) dr = b = 35 (4* +3%) =
(c) ¢ =25+ 9+4=238>36 =067 so c is outside V, so the integral is [zero.]

@ (e—@x+27+22)  =(1x+09+(-1)2)’ =1+1=2< (152 =
and hence the integral is e-(d — e) = (3,2,1):(—2,0,2) = 6 + 0 +2 =

Problem 1.48

First method: use Eq. 1.99 to write J = [ e™" (476%r)) dr = 4re™® =

Second method: integrating by parts (use Eq. 1.59).

25, so e is inside V,

o L E _ o N ..
J = —/ﬁ~V(e )dr+fe r~2~d& But V(e ’)=<Ee ')r:—-e .
v 5

-7 smed9d¢r-4n/e ’dr+e"R/sin€d0d¢
0
7.y

—e™®4e70) = (Here R = o0, so e ® =0.)

n
S
3
n
2
=
+
'S
S
®
|
£l
IS

VxFy =

© Flo %
oo
oo o
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[F2 is a gradient; Fy is a curl (2 + 92+ 22) do (F2 = VUy).
For Aq, we want (% — 9) = (“ %én) 0 Y82 4, =%, A=A =0would doit.
(F1 = VxA;). (But these are not unique.)
x vy Z
(b) V-Fs = Z(y2) + &(w2) + £(oy) =0 VxFs= ,,— 5‘, L |=2@-0)+9 -y +2(z—2)=0
]

Y
So F3 can be written as the gradient of a scalar (Fg = VU:;) and as the curl of a vector (F3 = VXAg). In
does the job. For the vector potential, we have

84: _ Oy —yz,  which suggests A, = Jy’z + f(,2); Ay = —jy2’ +g(z.0)

% —84: =gz, suggesting Ag =122z + h(z,y); A = -2z +(y,2)
LA BTA; =ay, so Ay = L2y + k(y,2); A = —Lay? +1(z,3)

Putting this all together: |A3 =z (2 -y x+y(a® -2y +2(y* —2?) 2} I (again, not unique).

Problem 1.50

(d) = (a): VXF=Vx(-VU)=0 (Eq. 1.4 - curl of gradient is always zero).
(a) = (c): §F-dl= [(VXF)-da =0 (Eq. 1.57-Stokes’ theorem).

@ = ®) [ F d- [0, Fd=[2F-d+f F-d=§F-d=0s0

b b
/ F»dl:/ F-dl.
a I a 11

(b) = (c): same as (c) = (b), only in reverse; (c) = (a): same as (a)=> (c).
Problem 1.51

(d) = (a): V-F=V(VxW)=0 (Eq 1.46—divergence of curl is always zero).
(a) = (c): § F-da= [(V-F)dr =0 (Eq. 1.56—divergence theorem).

(© = () f;F-da—[;;F-da=§F -da=0,s0

/F-da:/ F-da.
I Ir

(Note: sign change because for § F - da, da is outward, whereas for surface II it is inward.)
(b) = (c): same as (c) => (b), in reverse; (c)=> (a): same as (a)=> (c) .
Problem 1.52
Tn Prob. 1.15 we found that V-v, = 0; in Prob. 1.18 we found that VXv, =0. So
|vc can be written as the gradient of a scalar; v, can be written as the curl of a vector.l

(a) To find ¢

] §i =y’ > t=y’c+f(y,2)
@) § = (20y+2%)

3) =2z

Sle g|m
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From (1) & (3) we get %E=Zyz=:rf=yz’+g(y)=t=y’z+yz’+g(y),so%=Zzy+12+§$=
2zy + 2% (from (2)) = %:04 ‘We may as well pick g = 0; then

(b) Tofind W: %% — Fe = o2 O — B =322, W ~ 8 = 922

Pick W, = 0; then

W, _ . 2 _ 3.2,
5 = 3z > W, = 357 + f(y,2)
3_6‘){1 = -2zz= Wy = -2’2+ g(y,2).

E;l:ﬁ:}%é gf 0. May as well pick f =g =0.

)"' Z
2 £ | =% (2?) +§ (322%) +5(~222).v
2tz —$2222

You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some
other solutions:

W =z23% - 222§;
W = (2zyz +22%) %+ 2%y %
W =zyz% — §2229 + 322 (y — 32%) 2.

Probelm 1.53

" —- __ 2.2 s 2 _;i — s
Vv = r’ (r r2cosf) + maw(smor cos¢) —rsinsaqb( 72 cos 0sin ¢)
= ——41‘ cos0+——9cos0r ms¢+rsm0

[4sm€+cos¢ cos ¢] = 4rcosf.

(~r? cosf cos )
rcosO

R /2 w2
/(V-v)dr = /(4rms9)rzsin0drd0d¢=4°/r3dr[cwﬂsingdoo/d¢
- @ (3) ()=

Surface consists of four parts:
(1) Curved: da = R?sin0dfdp#; r = R. v-da= (R?cos8) (R?sinfdfdg).

/2 /2
.da= i —r (Y (@) =&
/v da—R‘/oosﬁsmOdO/dzﬁ—R (2) (Z)_ T
° 0




(2) Left: da = —rdrdfd; $=0. v-da=(r’cosfsing)(rdrdf) =0. [v-da=0.
(3) Back: da =rdrdf¢; ¢ =n/2. v-da=(—r®cosfsing) (rdrdf) = —rcosdr db.

R /2
/v ~da= /radr / cosfdf = — (%R‘) (+1) = _%Rd,
0 o

(4) Bottom: da = rsin drd¢6; § =7/2. v-da= (r?cos¢) (rdrdg).

R /2

/‘v-da:/rsdr/cosdnw:%R‘A

0 o

Total: §v-da=mR‘/4+0— LR 4 IRV =R o

Problem 1.54
E

y z
Vxv=|4& & & |=t®-a). So [(VXv)-da=(b—a)rR%
ay bz O

vedl=(ay % +bz §) - (dex +dy ¥ +dz2) = aydz + bzdy; 2° +y> = R? = 2zdz + 2ydy =0,
sody = —(z/y)dz. So v -dl = aydz +bz(—z/y)dz = L (ay® - bs?) dz.

2_g?
For the “upper” semicircle, y = VRZ —z2,s0 v -dl = "(TRWZ_,—

r _
/v»dl = R/L- R(a_“‘zl;)xzdzz {astin“ (%) —(a+1b) [—; R? — a2+ ~Iz—ﬁsin’l (%)]} +:
= %R’(a — b)sin~}(z/R) ;R = %R’(a —b) (sin~}(~1) — sin"}(+1)) = %R“(a —b) (—g - g)

= %'HR’ (b—a).
And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so
$v-di=aR*b~a). v

Problem 1.55
Nzr=2=0;de=dz=0;y:0=1 v-dl=(y+3z)dy=ydy.

1 1 1
/v~dl:/ydy=§.
° [

(2 z=0; 2=2-2y; dz=-2dy; y:1-0. v-dl=(y+3z)dy+6dz=ydy—12dy = (y — 12) dy.

0
/v~dl=/(y—12)dy=—(%—12) =—%+1z.
1

@B z=y=0;dz=dy=0; 2:2-0. v-dl=6dz

/v-dl:/ﬁdz:—lZ.

2
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Total: §v-dl=}-}+12-12=
Meanwhile, Stokes thereom says §v-dl= [(VxV)-da. Here da= dydz%, so all we need is
(VXV), = (6) Z(y+3z)=0. Therefore [(VXv)-da=0.v
Problem 1.56
Start at the origin.

(1) 6=%,¢=0;7r:0>1 v-di=(rcos’6)(dr) =0. [v-di=0.

(2 r=1,0=%; ¢:0->7/2. v-dl=(3r)(rsin0dg) =3dp. [v-dl= 3fd¢——

(3) $=%; rsinf=y=1,s0r =g, dr—mrcosod«‘) 60:3 7.

cos?f [ cosf cos@sinf
v-dl = (rcos?6)(dr)— (rcos@sin6)(rdf) = o (—sinZO)dtheta—m
_ _(co539 co_sd) _ _cosf (cos20+sin29)dg _cos@do
sin¢  sinf) " sin@ sin 0 T osinfg
Therefore
Feoso 1 M 1 1 1_1
/V"":‘nm‘” Tl 2D TM 27
m

(4)0=2,¢=Z%;r:vV20. v~dl=(rcos“€)(d'r)=%rdr.

Total:

Stokes’ theorem says this should equal [(VxV)-da

Uxv = — [86(51n93r)——( rsmocoso)]H [

rsinf

1 [a—(—rrcosdsind) - = (rcos“@)] )

= rsmo[Srcosﬂ]r+ [-6r]9+—[‘Zrcos051n9+2rcosf)sm9]¢
= 3cotff—68.

(1) Back face: da = —rdrdd; (Vxv)-da=0. [(VxV)-da=0.

(2) Bottom: da = —rsin@drdg8; (Vxv)-da=6rsinfdrdg. § = 3,50 (VXV)-da =6rdrdg

/2

1 7 _3nm
/(va) da= /6rdr/d ‘3'3= 3 v
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Problem 1.57
v-dl=ydz.

(1) Left side: z=a—z; dz = —dz; y =0.
(2) Bottom: dz=0. Therefore [v-dl=0.

Therefore [v-dl=0.

0
(3) Back: z=a—}y; dz=—1/2dy; y:2a - 0. fv~d1=fy(—«%dy) =

Meanwhile, VXv = %, so [(V xv) - da is the projection of this surface on the zy plane = N

Problem 1.58
_ 19 19 1 )
Vv = r_“(')r (r?r smﬂ) 050 (sin@4r? cos&) + sm03¢ (r? tang)
= —4r sinf + — 04r (cos® 6 —sin? ) = 6 (sin® @ + cos @ — sin® §)
_ . cos’6
- sinf

/6

/6 2r
) [ in 20
/(v-v)df = /(4#::0) (r* sin 0 dr do dg) = /4r3dr/c0520;i«9/d¢: (RY) (2m) [§+’“‘; ]
0 o

0 60° 4
— omRt (;r_z+51n60 ) =ﬂ<,+3§) = | =& (27 + 3V/3).

4 6

Surface consists of two parts:
(1) Theice cream: v = R; ¢:0 = 2m; 6: 0 — 7/6; da = R?sin0df dp; v-da = (R%sin6) (R? sin 6 df dg) =
R*sin® 0 df do.

/vda R‘/smzdde/dfﬁ (R*) (2m) [ 0—2511120] /s—ZwR‘ (——251n60°) ==

(2) The cone: §=%; ¢:0—2m; r:0— R; da=rsinfdpdrf = YErdrdg; v-da=v3rdrdg

R 2n
4
/v-da=\/§/r3dr/d¢=‘/§-%.2n=§n
o 0

Thereforefwda:%(%—§+\/§)=%(2n+3\/§). v

Problem 1.59
(a) Corollary 2 says §(VT)-dl = 0. Stokes’ theorem says §(VT)-dl = [[V x(VT)]-da. So [[V x(VT)]-da =0,

and since this is true for any surface, the integrand must vanish: VX (VT) = 0, confirming Eq. 1.44.

R <7_3ﬁ

?)
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(b) Corollary 2 says §(V xv)-da = 0. Divergence theorem says §(V xv)-da = [ V-(Vxv)dr.So [ V+(V xv)dr
= 0, and since this is true for any volume, the integrand must vanish: V(V Xv) = 0, confirming Eq. 1.46.
Problem 1.60

(a) Divergence theorem: §v -da = [(V-v)dr. Let v = cT, where c is a constant vector. Using product
rule #5 in front cover: V-v = V-(cT) = T(V-c) +c-(VT). But ¢ is constant so V-¢ = 0. Therefore we have:
[e-(VT)dr = [Tc- da. Since c is constant, take it outside the integrals: ¢+ [ VI'dr = c- [Tda. But c
is any constant vector—in particular, it could be be %, or §, or Z—so each component of the integral on left
equals corresponding component on the right, and hence

/VTd‘r:/TdaA qed

(b) Let v — (v x c) in divergence theorem. Then [ V-(v x ¢)dr = [(v x ¢) - da. Product rule #6 =
Vi(vxc)=c-(VXV)—v-(Vxec)=c:(Vxv). (Note: Vxc =0, since ¢ is constant.) Meanwhile vector
identity (1) says da- (v X ¢) = ¢- (da x v) = —c- (v x da). Thus fc- (Vxv)dr = — [c- (v x da). Take c
outside, and again let ¢ be %X, ¥, 2 then:

/(va)dr:——/vxda. qed

(c) Let v = T'VU in divergence theorem: [ V-(T'VU)dr = [ TVU -da. Product rule #(5) = V-(TVU) =
TV-(VU) + (VU) - (VT) = TV2U + (VU) - (VT). Therefore

/ (TV2U + (VU) - (VT)) dr = / (TVU)-da. qed

(d) Rewrite (c) with T «+ U : [ (UV2T + (VT)- (VU)) dr = [(UVT)-da. Subtract this from (c), noting
that the (VU) - (VT) terms cancel:

/ (TV2U -UVT) dr = / (TVU -UVT)-da. qed

(e) Stoke’s theorem: [(VXV)-da = §v-dl Let v=cT. By Product Rule #(7): Vx(cT) = T(V x¢) —
¢ X (VT) = —c x (VT) (since c is constant). Therefore, — f(c x (VT))-da = § Tc- dl. Use vector indentity
#1 to rewrite the first term (c x (VT))-da = ¢- (VT xda). So — [¢- (VT xda) = § c-Tdl. Pull ¢ outside,
and let ¢ = %, ¥, and Z to prove:

/VTXda:—delA qed

Problem 1.61
(a) da = R?sin 6 df d¢ . Let the surface be the northern hemisp} The % and clearly i
to zero, and the Z component of # is cos 8, so

/2 in2 2
a=/R‘sinﬁcosﬂd3d¢i=21rRzi/ sinacosada=2mzi¥ ;'/ =
0

(b) Let T = 1 in Prob. 1.60(a). Then VT =0, so § da = 0. qed.

(c) This follows from (b). For suppose a, # a; then if you put them together to make a closed surface,
fda=a) —as #0.

(d) For one such triangle, da = (r x dl) (since r x dl is the area of the parallelogram, and the direction is
perpendicular to the surface), so for the entire conical surface, a = % f rxdl
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(e) Let T = c - r, and use product rule #4: VT = V(c-r) = ¢ x (VXr) + (c- V)r. But Vxr = 0, and
(c-V)r=(cZ +c,;% +e:Z) @k +yy =28)=co X+, 9 +c:2 = c. So Prob. 1.60(e) says

del:f(cd‘)dl:—/(VT)xda:—/cxda:—cx/da:—cxa:axc. qed

Problem 1.62
@

For a sphere of radius R:
Jv-da = [(}%) (R?sin0d@dg?) =R [sin6dOdp = 47R.
R So divergence
J(Vv)dr = [(%)(r*sin6drdfde) = (fdr) ([ sin6d6dg) = 4nR. theorem checks.
0

Evidently there is no delta function at the origin.

xR = 52 (%) = 32 (™) = S+ 2 = [mr D

(except for n = —2, for which we already know (Eq. 1.99) that the divergence is 4r6%(r)).

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using
Prob. 1.60(b): If VX(r"f) = 0, then [(Vxv)dr = 0 £ —§v xda. But v = r"f and da =
R%sin6dfdp # are both in the # directions, so v x da = 0. v/




