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Some useful results

Let D stand for d/dx ; D* for d*/dx*; and so on. The symbols D, D, etc_. are called operators.
The index of D indicates the number of times the operation of differentiation must be carried out.
For example, D°x* shows that we must differentiate x* three times. Thus. D*x* = 24x. The
following results are valid for such operators.

1. D"+ D" =D"+ D"

2ot =pr =y

3. D (u +v)=Du+ Dv_where u and v are functions of x.

4 (D—o)(D-B)=(D-B) (D - o), where ¢t and P are constants.

Negative index of D. D! is equivalennt to an integration. For example, D ™'x = [1 dx=x212.

Linear differential equations with constant coefficients
A linear differential equation with constant coefficients is that in which the dependent
variable and its differential coefficients occur only in the first degree and are not multiplied
together, and the coefficients are all constants.
. ) a"v -Lf"_l , du—ﬁ ,
The general from of the equation 1s a’ i +a P "_;; + s g H_':
x ' X" "

where X 15 a function of x only and a;.a, ...a, are constants.

+o.+a,y=X. _.(1)

Using the symbols D, D*. . D" of Art. 5.1. (1) becomes
D'y+a D" Yy +a, D"y 4+ tay=X o (D'+a D" +a D"+ _+a)y=X (2
or fD)yy=X —(3)
where f(D)=D"+a, D" +a,D"*+ __+a, 4

and (D) now acts as operator and operates on v to vield X The forms (2) and (3) are called the
symbolic forms of the given equation (1).

Consider the differential equation f(Dyy =0, (5)
obtained on replacing the nght hand member of (3) by zero. We will. now, show thatif y,. v, ...y,
are n linearly independent solutions of (5) then, ¢, ¥, + ¢, ¥, + ... + ¢, ¥, 15 also a solution of (5):

€. €, ... ¢, being arbitrary constants.
Since y,. V, ..., ¥, are solutions of (5). f(D)y,=0. AD)y,=0. _. f(Dy,=0 _ (6)
If ). ¢, ..., ¢, are an arbitrary constants, we get
FD) e+ eyt cy) = FD) () + D) () + . +7 D) (c,,)
=, f Dy + e f(Dy,+ .. +e,f(Dy, = €.0+¢,0+.+¢,0=0, using (6)
This proves the statement made above.

1

Since the general solution of a differential equaiton of the n® order contains n arbitrary

constants, we conclude that €y, + ¥, + .+, ¥, =u. say

15 the general solution of (5).
Thus, F(Dyu=0. (7
Again_ let v be any particular solution of (3) and hence fD)yv=X . (B)
Now, we have FD(u+vi=Ff(Du+f(D)v=0+X using (7) and (8)

This shows that (u +v),ie.c v, +c,y, + ... +¢, ¥, +vis the general solution of (3), i.e..
(1). containing » arbitrary constants ¢,. ¢,. ... ¢, The part ¢, ¥, + ¢, ¥, + .. +¢,¥,. 15 known as the
ComplementaryFunction (CF.) and v, not involving any arbitrary constant, 1s called the Particular
Integral (P1). or particular solution (PS.)

Thus, the general solution of (1) is ¥ = C.F. + P.I.. where C.F. involves n arbitrary

constants and P.I. does not involve any arbitrary constant.
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Principal of Superposition for Homogeneous E

Quatig,
- Sur iti Homogeneous Equatiop jg
. . al of Superposition for 20Us Ec def
&l ﬂ‘;ﬁ?ﬁ:ﬁ};ﬁgﬁzf any solution of a homogeneous lineardiffere i

. ntial equaﬁqN
order two is also a solution of the givin differential equation. ‘

Note: This principle is applicable only for homogeneous linear ODE,

Theorem 1. If y, and y, are two solution of homogeneous linear differen
: 1
equation

y;’ + p(X)y’ + q(X)y = 0 oninterval |

Then y=c,y, +c,y,is also solution of y” + p(x)y’ + q(x)y =0 on interal

Proof: Lety, and y, afe two solution of homogeneous linear differential equait

s (6.4 )21 ) IR 1)
A 169 ) AR e 6:9 ) A | SR
on interval | then they must satisfy the equation (1)
” N Y T UE LA . @
Then v +px)y, + qR)Y, = 0-rrrerreeereemmreeesreeeesserenn
’” L alxl =0 e (3)
aNd Y, + DY, F QY = 0ereeeeeeeeeeeeeeeeeenenmerneee
if c, and C, are constant |let o
y c1y1 + czyz ......................................................................
on differentiating
........ ()
Y = clyl + czyz' and y” = clyl” + L A



Jith the help of équation (4) and (5) €quation (1) becomes

.+P(X)Y'+ qx)y = {C1YI” + czyzn} e {p(x)(clyl’ + czYz’)} +ax)(cy, + C,¥,)}

=c{y” +p®y, +qy,} + Y, +pMy, +q)y.}

4 > Y HpXY +qX)y=c,0+ ¢,0 using equation (2) and (3)
S ’
i = Y PRy +q(x)y=0

Thus y=c,y, +c,y, also satisfy (1)
Hence y=c,y, +c,y, is the solution of

Y’ +p(x)y’+q(x)y =0 oninterval l.

Example 1. Show that Y,(x) = e** and y,(x) = e>* are two solution of the equation
Y"-9y=0 also verify the principal of super position.

Solution: Givin equation is

Now et y(x) = @3«
Y'(x) =3e*
Y7 (x) =9¢3*
oW putting thease values in (1)
Y" =9y =9¢™ —9¢™ =0

H .
SNce o g the solution of (1)

Ow : »
again let y=e>"

Y (x)=—3e*

h,



y(x) =9
Now putting thease valuein (1)

y7—9y =9 —9e™* =0

Hence ¢** isthe solution of (1)

=-3x : . ] |
Thus y,(x)=¢” and y,(x) =€ are two solution of the differentig| ©Quato g

Verify
y=c,e™ +c,e”* is also the solution of (1)
Thus
y” -9y =(ce™ +c,e™ ) - 9(c,e™ +c,e” )
=¢,9¢™ +¢,9¢™* —9c,e’™ +9c,e”* =0
Thus

1

rincipe
y =c,e” +c,e™ is general solution of y" —9y = 0.Hencep |
of superposition is verify.

. patio®
Example 2. Show that y1 =cosx and y2 = sinx are two 50|utlon of the eq :
y”+y=0 also verify the principal of super position.

Solution: Givin equation is

yff+y=0

Now let y = cosx

.
-----
-----
-----
............................................................

1
'1
:
i

Yy’ =-sinx
and  y”=—cosx

putting thease values in (1)

”
Yy +Yy=-cosx+cosx =




ofsuperposition for H°"'°geneous Equati
on

once Y = COSX s the solution of (1 ) 155

Now again let y= sin X
y’=Cos X

ynd Y’ =-sinx
Hence ¥ = sinx is the solution of (1)
Verfy
y =€, COSX +C, sinx is also the solution of (1)

Thus

"

y”+y=(c,cosx+c,sinx) —9(c,cosx+c,sinx)

= —C, COSX —C, SINX +¢,cosx +C,sinx =0
Thus

y=c,sinx +c,sinxis general solution of (1)-

Hence principle of superposition is verify.
— 1 are two solution of the homogeneous

Ex
ample 3, Show that y, = x2andy, 0 also verify the principal of

Nlin ) . ‘ ’
\ rear.o rdinary differential equation y y - Xy
Position,
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