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Limit points of a Sequence.

Limit inferior

and Limit Definition

Superior of

N A real number a is said to be a limit point of a sequence

j < ap >. If for any € > 0, there exists ax € (a — €,a+ ¢€), for an
infinite numbers of values of k, i.e., |a, — a| < ¢, for an infinite
numbers of values of n.

Example

< a,>=< n?>, neN, has no limit point.
< ap >=< 2>, n € N, has the only limit point 2.

< ap >=<(—1)" >, n € N, has two limit points 1 and
—1.

< ap >=< % >, n € N, has 0 as a unique limit point.
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A sequence < a, > is said to be bounded if there exists a real
number M > 0 such that |a,| < M ¥n € N.

A convergent sequence of real numbers is bounded.

A sequence cannot converge to more than one limit.
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Bolzano-Weierstrass Theorem
Every bounded sequence has a limit point.

Theorem

A necessary and sufficient condition for the convergence of a
sequence is that it is bounded and has a unique limit point.
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Let < a, > be a bounded sequence of real numbers.

The limit superior lim,_,o sup a, of < a, > is

lim sup a, = inf, sup{ap,anii,ant2,...}
n—oo

The limit inferior lim,_. inf a, of < a, > is

lim inf a, = supp inf{ap,ant1,ant2,...}
n—o0
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If < ap > is a bounded sequence, then

liminf a, = smallest limit point of < a, >, and

, India

limsup a, = greatest limit point of < a, >.

A bounded sequence < a, > is converges to a real number a if
and only if
liminfa, = limsupa, = a
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Consider the sequence a, = (1 + (—1)"%)" then
liminfa, =7

limsup a, =7

Ans:-

. (1+ L) if n is even
"S- nis odd
Therefore the set of limit points of < a, >= {e, 1}.

So, liminfa, = e and limsup a, = %
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