Ji(xy) ydx+f, (xy) xdy=0, then 1, ‘(Mx--Ny) is an inte

R

36 Equations of First Order and F;

st /)Lp

Rule III. If the equation Mdx+Ndy=0 g of the fo
rm

grating factoy 0

provided (Mx— Ny) = (. (LA.S. 199;
Proof. Suppose that Mdx+ Ndy=() )
is of the form fi (xy) y dx+f; (xy) x dy =0, 8)
Comparing (1) and (2), we have 9
M N
YR " ) = ()
= M =Wyf, (xy) and N= Wx f5 (xy). -.(3)

Rewriting Mdx + Ndy, we have
d
de+Ndy-—{(Mx+Ny)(—+7y)+(Mx N )(‘b‘ & }
y

MdHNdy Mx + Ny dx dy dx dy
Mx— Ny Mx- Ny( y )+(7__y—)}

i () + 15 (xy) '
{f] ) -1, (xy)d(logxy)+d(log )} by (3)

f(xy)d(logxy)+d([oo;J}

NI-— N — Nl—

[ on assuming

Ji &) + £, (xy) e
fi ) =f, () T J

{f(e"’g“) d (log xy) + d(log 5 J}

NI-— NI

{g(logxy)d(logxy)+dlog( )}

[on assuming f('**) = g (log xy)]
—a{Liog+d [ g togay aq |
=d|; Ogy+2 8 (logxy) d (logxy) | »

showing that Mx— Ny is an LF. of Mdx + Ndy = 0.

Illustrative solved example of Type 8 based on Rule III
Ex. Solve (xy sin xy + cos xy) y dx + (xy sin xy - cos xy) x dy = 0.
(Allahabad 90 ; Kanpur 94 ; Lucknow 93. 97 : Raiasthan 96)
Sol. Given (xy sin xy + cos xy) y dx+ (xy sin xy — cos xy) x dy =0...(1)
Comparing (1) with Mdx + Ndy=0, we have
M=y (xysinxy+cosxy) and N =x (xysinxy-—cosxy), -(2)

showing that (1) is of the form f; (xy) y dx +f, (xy) x dy=0.

or

Again, Mx— Ny =xy (xy sin xy + cos xy) — xy (xy sinxy — cos xy)
— Ny =2xycosxy#0,

showing that LF. of (1) = 1/(Mx — Ny) = 1/(2xy cos xy).
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Equations of First Order and First Degree

On multiplying (1) by 1/(2xy cos xy), we have

(1/2)(y tan xy + 1/x) dx+ (1/2) (x tan xy = 1/y)dy=0
the required solution is

which must be exact and so by the usual rule,

(1/2) (log sec xy + logx)—(1/2) logy= (1/2)logc

or log sec xy + log (x/y) =logc or (x/y) sec xy =¢.

Exercise 2(H)

Solve the following differential equations :
3
1. (x“y‘ +x2y2 +xy+1)ydx+ (,\:?‘y3 -x2y2 —xy+1)xdy=0.

37

Ans. %y — 1 —2xylogy=2¢cxy
y

2. (x2y2+xy+ l)ydx+(x2y2—xy+ xdy=0.

3. (x4_\'4 + x2y2 +xy)ydx+ (x4y4 - x2y2 +xy) xdy=0.

Ans. xy — (1/xy) +10g (x/y)=¢

Ans. (1/2) Xy = (1/xy) +1log (&/Y) =€

4. (a) v(1—xy)dx—x(l +xy)dy=0.
(b) y (1 +xy) dx+x (1 —xy)dy=0.
Ans. (a) log (x/y)—xy=¢ (b) log

5. '(xyz + 2.Jc2y3 )dx + (xzy - x3y2) dy=0.

Ru'le IV. IfTV_ dy  ox
M@ s an integrating factor of Mdx + Ndy = 0.

(Agra 94 ; L.A.S. 69)
(Meerut 93 ; LA:S. 92)
/y) - (1/xy) =¢
Ans. log P/y)-(1/xy)=¢

! (aM Qﬂ) is a function of x alone say f (x), then

(Calicut 93 ; Mysore 91 ; I.A.S. 77, _94)

Proof. Given equation is Mdx + Ndy=0
oN oM OoN

1 (oM _ e
and N( ay — ox )—f(X) so that Nf(x)_ ay ox

Multiplying both sides of (1) by /@4 we have
M, dx+ N, dy=0,

M, =M 7O and Ny =N /0%

From (4), 9;:—‘ _M Jreads

My 9N Jrwds 4y JI0%f (z) i

where

\

i ox Ox
o] N
=eff()dx{$:_+Nf(x)}
_Jrwas(ON M N
d (ax‘“ 3y -g)wy(z)
so that gd.'_= elf(x)dxa_M_ '
ox dy

(1)
(2)

..(3)
...(4)

...(6)

)
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» From (6) and (7)), GOGH7 50 200
frinyde .

y s exact and hence e
showing that Mdy + N,y = 0 must be ¢ e 1S an |y

of (1) as desired.

Minstrative
. Solve (\? 4 )"; 4 ,“) dx 4 xy ’I“”‘" N (n'"ﬂ "nnq' 97,

Sol. Given (x) u; axydva xydy=0. h
Comparing (1) with Mdx 4 Ndy = 0, we have
M=x" 4 y’ +x and N=1Yy .
Here OM/dy =2y and ON/Ox=y. 0
N A TLIPN
’s’(-ﬂ\ R r')r)" @-»)= >

which is & function of x alone.
LF. of (1) = JOMd_ Jopr _ o

wolved example of Type 9 based on Rule 1v

%

Multiplying (1) by x, we have '+ 0’ + ) de+ Xy dy =0,
which must be exact equation and so its solution is
/8 + (P )24 (/3 =e/12 or ' by v dd s

Exercise 2(1)
Salve the following difierential equations :
L4 y? 4+ W) dx 4 2rdy=0. v Ans. € (v )
2. - 2)-'2)«11 4+ o dy=0. Ans, x© + (/0)
Lo+ )'3/3 +8%/2) dx + (174)x +xy‘“) dy=0. Ans. 2 + 3ty Y
(Allahabad 94 ; Kanpur 87 ; Lucknow 92
4. oF )Y dr- 20 dy=0. Ans. @ - =
5 074 s Dav- 2y =0, Ana. ¥ - 1 =cx
6. (.x'2 + y: + Dadvea (-2 dv=0. Aps. x+y- (P #l)ye=
AN 3 "
Rule V. lff"(% -%t!) is @ function of y alone say [(y) ther

MO s an integrating factor of Mdx+ Ndy =0,
Froof. Proceed exactly as for Rule V.

Hlustrutive solved example of Type 10 based ou Rule V
Example. (20°¢ + 207 5 y)di+ (B4 e - dhP - 1) dy = 0. (1)
Sol, Comparing (1) with Mdy + Ndy = 0, we get
M=25"¢ 4207+ and N=xh'e - -3 ‘
Here M/ 8y = 8y’ « 20'e + 6y’ + 1, ON/Ox = 2ot - 2oy 3
Ty N —

— = - 420 + 2+ D o 4 . R
ar Oy (2oye + 20 v+ 1) = A)} QQule « 2+ ) = .

il
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Equatiohs of First Order and First Degree 39

= Mlox Oy y
b LF. of (1) =8J(— Ay dy _ e—dlogy_____ (I/y4).
Multiplying (1) by l/y“, we have ,
(2xe’ + Qu/y) + (1) dx+ (€ = 2y -3 (/Yy} dy=0,
which must be exact and so by usual method its solution is
o'+ (x/y) +x/ Y =c.

l (_Bﬂ__a_lﬂ )=—£» which is a function of y alone.

Exercise 2(J)

Solve the following differential equationsv :
R X2 dx + Gty + 2%y - 26 +y?) dy=0. (Mysore 92)
Ans. ¢ [(AD/2-(1/3) Br/60r-y/3+1/181=¢
2. (xy3 +y)dx+ 2(x2y2 +x+ y4) dy=0. o Ans. 3x2y4 + 610’2 +2y=¢C
i3, (3.7c2y4 +2xy)dx + (Q.Jc3 y3 - x2) dy= 0: (Corakhpur 92)
4 ' +2) de+ (P + 2 - 40) dy=0. (Delhi 93) Ans. X @MY=

Rule VL. If the given equation Mdx + Ndy = 0, is of the form 3
km-1-a ykn—l—B

© yB (my dx +nx dy) =0, then its integrating factor is X 2

where k can have any value. ‘ i) et -
Proof. By assumption, the given equation can be written as '
(1)

Ans. x3y3 +=cy

x*yP (my dx+nx dy) =0.
Multiplying (1) by xm= "“yk"'l'ﬁ, we have
ALyt (my dx + nx dy) =0
i A 4k y T A dy =00 d @™y =0,
showing that xk'""'()‘y"”']"3 is an LF. of the given equation (1).
Remark 1. Using rule VI, we now find the rule for finding an LF.
of the equation of the form
X% yﬁ (my dx +nx dy)+ bl y[y (m’ ydx+ n’ xdy)= 0" (2)
By virtue of rule VI, we see that the factor that makes the first term
of (2) exact differential is Ghmrl m @y ~B and that for the second term
of (2) is Kl J¥~1F where k and k’ can have any value.
The above mentioned two factors will be identical if we choose k
and k' such that

or

km-1-o=km'—-1-o | {3
and kn—1-Bp=kn"-1-0" w(d)
Solving (3) and (4), we evaluate the values of k and k’. Substituting

these values in the factor

km—1—-o kn-—1-
* y P oor x

we obtain the required LF. of (2).

1= fol =1 =P
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Tuna sed on rule V]
Hlustrative solved examples of Type 11 ba

Ex. Solve (\" + 2.\'2)') dx + (2.:‘1 ~xy) dy = 0. (1)
Sol. Rewriting (1) in the standard form
A (myda + nxdy) + ol y"' (m'y dx +n'x dy) =0, wi{2)
we have  y(vdy=xdy)+ + 2y dx + 2xdy) = 0. «(3)
Comparing (2) and (3), we have ' ’
a=0p=1,m=1,n==10'=2,p=0,m =2"" =2.
Hence the LE. for the first term on L.H.S. of (3) is
Aoty k==l e, Holy ket ‘ (4)
and the LF. for the second term on L.H.S. of (3) is
QW -1-2 W1 X3 (5

For the integrating factors (4) and (5) to be identical, we have
k-=1=2-3 and =k-2=2k"~-1
= k-2k=-2 and k+2k'=-1 = k=-3/2and K'=1/4 . (6)
Substituting the value of k in (4) or k" in (5), the integrating factor
of (3) or (1) is x¥? y e
Multiplying (1) by x %2y 2 we have
x 5/2)'3/2+2x' my'”)dx+(2x'/2y- 172 _ =32 yl/2) dy=0,

which must be exact and so by the usual rule its solution is given by
~3/2
.

~-1/2

32 172 172
- 3/"2) +2§1/2Y)V =23_C or 6x'2y2 322 ¢
Remark 2. Sometimes the Rule VI for finding LF. is modified as
given below:
If the given equation Mdx + Ndy =0 can be put in the form
x*yP (my dx + nxdy) + x* ¥ (m'ydx+ n'xdy) = 0,
where a, B, m, n, o', B', m', n’ are constants, then the given equation has an
l..F. 2" y*, where h and k are obtained by applying the condition that the
given equation must become exact after multiplying by x" y*.
Hlustrative solved examples based on Remark 2
Ex. 1. Solve (yz+2x2y)dx+(2f-xy) dy =0,
(K&'PUF 92 ; Allahabad 93 . Meerut 84 : Lucknow 93 ; Baroda 89)
Sol. “The given €quation can be rewritten as -
O dx - xy dy) (2% dx + 2 dy) = 0
o YO dx=xdy) 42 2y gy 4 2y dy) =0,
So let 2"y be an LE, of the given tfquulinu.'

Muluplying the given equation by Afryt S
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(xl'),,+2+2xh+2}}+l)dx+(2lﬁ+3}”’ljl+lyk+l)dy=0’ g (1)

which must pe exact. For (1), we have
M=x"yk+2+2x"+2y".+',N=?.x"+3yk—x"+'y“'.

since (1) is exact, we must have aM/ay=aN/8x

k+2) Ay 2 (k+ 1)x"+2y"=2(h+3)x’*"2y"—(h+ 1y 1yt

i€
Now equating the coefficients of £y* 1 and LYk we get
v+2=—(h+1) and 2 (k+1)=2(+3)
. h+k==3 and  h-k=-2 (2
Solving system (2), we get h=—(5/2) and k=- (1/2)
LE =52 "

x—5/2y—-l/2, we' get

Multiplying the given equation by LF.
/2 o 3/2y1/2) dy=0

( o 5/2),3/2 +2x 172 yl/z) dx+ (le/z.y-1

which must be exact. For this new equation,
_@/3)K LN 4 =c.

Ex. 2. Given that the differential equation (szy2 +y)dx— (x3y — 3x)dy

—0 has an LF. of the form Ky, find its general eolution.  (Kakitiya 97)

as usual solution is,

Sol. Given @y +y) de+(3x -~ x'y) dy=0. (D
Multiplying both sides of (1) by LE. xy, we get
(th+2yk+2+xhyk+l) dx/+ (3xh+1yk_xh+3yk+ I) dy=0, (2)
which must be exact. Comparing (2) with Mdx + Ndy=0, we have
M= 2xh+2yk+2+xhyk+l and N= 3¢\}'+]yk—xh+3yk+ I ..(3)

For (2) to be exact, oM/dy =0N/ox

= 2(k+2)x“2y"+‘+(k+1)x"y"=3(h+1)x"y"—(h+3)x””y"+' '
o 2(k+2)=-(h+3) and k+1=3(h+1) :
L peok=<Tind b=kl = h=—11/7 and k=-19/7.

- 1171~ 19/7 Multiplying (1) by X “ﬂy' 1971 we have

SoanLF.of (1)isx ="y
@y X Ay 12/1) g+ (38 471971 #7127 gy =0,

which must be exact. Hence, as usual, the required solution is
W07.-571 41,127
2y x _Te o 4x10/7y-5/7_5x-4/7 —1277 _
o7 Y a2 yonE
Exercise '-2(K)
; Solve the following differential equations :
« Qydx+3xdy) + 2xy (3y dx + 4x dy) = 0.
(Kanpur 97, 98)
Ans. x2y3 + 2.r3y4 =c

2
@2y - 3y dx + (35 + 2xy") dy =0.
Ans. 127131713 4 5 3013 2413 _
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® A 3 A 26
2y dy=0. ns. x'y +«\'.\':(
s 2"2) ghif s 22 O g Ans. x%? (x+4y% <
% . %-1.~+2:(1\’)+8')'4()’dX+3*"‘{)'):0‘ ok )=
= S d:v) J? Gy dx + 55 dy) = 0.Delhi B.Sc. 99)Ans. x4 3,5
5, x(ydx+2xdy)+y O Ans. ' (1t g€
6. .\‘Y" (vdx+ 2x dy)+ 3y dx +~5X d)') =C. ; 4) =,

i (Rohilkhand 9
' i ifferential equation P : an
i;llz“. !Jtli::a;d;it:‘sl order differential equation 1s called linear if it ¢qy
CORE \ =0, (1
be written in the form (dy/dx) +.Py Y 15 A SN ()
‘here P and Q are constants or functions of x a (?n .e. )..
w A method of solving (1). Suppose R (which is taken as function of
x alone) is an integrating factor of (1). Multiplying (1) by R, we get
dy
- RZ2 4 RPy=RQ, -(2)
dx .
which must be exact. Suppose we wish that the L.H.S. of (2) is the
differential coefficient of some product. But the term R(dy/dx) can only
be obtained by differentiating the product Ry. Accordingly, we take

dy d .
R dx+RPy ! ( _v)‘ P

dy dy dR dR
R—= =R—+y—- ——= Pdx.
Rdx+RPy Rdx.+ydx 2 R

: Integrating, log R = | P dx [take constant of integration equal to the
zero for sake of simplicity].

Thus, an integfating factor of (1) is R= ej Pdx and (2) can be written as

d : ;
4 py— 3
— (R)=RQ [using (3)]
or d (Ry)=RQ dx.
Integrating, Ry=] RQOdx+c¢
e : ; yeIP""=I{Qe‘P"X} dx ¥,

which is the requiréd solution of giv

Working rule for solving lin
equation in the standard form
using formula :

en linear differential equation (1).

ear equations. First put the given
(1). Next find an integrating factor (I.F.) by

LF, = ¢l Pdx, 05

Two formulas e™1084 _ gm
simplifying LF.

Lastly,

and ¢™ "84 — 1 /Am il be often used in

the required solution is obtained by using the result
YXUR) = [10x 0FY des . 6
where ¢ is an arbitrary congtan.

Remarks. Sometimes a differentia] equation cannot be put in the

Equations of First Order and Firs; Degre,

x
|
[
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Equations of First Order and First Degree 43

(1) of a lincar equation. Then we regard y as the independent

form
ariable and obtain a differential equation

variable and x as the dependent v
of the form

dx
'a;"*‘ ,,1x = Ql’

()

where P, and Q, are constants or functions of y alone. In this, we modify

the above working rule as follows.
| LE. =¢n® .(8)
and the required solution is x X (LF.) =j [0, x (LF)ldy+c.
Examples of Type 12 based on Art. 2:12
Ex. 1. Solve xcosx(dy/dx)+y (x sin x + cos X) = 1. :
(Agra 94 ; Lucknow 88 ; Meerut 87 ; U.P.P.C.S. 78)

Sol. Re-writing given equation, we have
dy (. 1
secx
— 4| tanx+— |y=—"_—
dx ( X )y X )
LE.= elA(tanx+ 1/x)dx _ elog secx+logx _ elogx secX _ y sec X.
Hence the required solution is
- yxsecx= fseczxdx+c or yxsecx:tanx+’c

Ex. 2. Solve (I =¥) (@/&) +2xp=x KI-#). (Kerala 2001)

S lo Ill iven equatIOIl 1S ' ]

1
2 dx=-1log(l —x) so LF.=e -
1-2 1—x

Here dex:I

So the required solution is
1

——'y-’=—=J. 2 X
1-x ;](l—xz) ]-_xz

=_%j,—3/2d,+c [Putl -¥=t . -2xdx=di]

dx-

=t']/2+c=c+l/\/;—

or 4 2=q—l——2-+c. [ t=1-4
1-2  NA=5)

Ex. 3. Solve sinx (dy/dx)+3y=cosx. (Agra 91 : Rohilkhand 93)

- dy
Sol. Rewriting, we have, —(—1-;4-(3 cosec x) y = cot x.

Here | P dx=3[cosec xdx=3 logtan (x/2) so L.F. = P4 = an’ x/2
So the required solution is ‘

Scanned with CamScanner



44 Equations of First Order and First Degre,
ytan® (x/2) =] cot x tan® (x/2) dx + ¢
’ 2
3x _[1-tan<x/2 33X
or ta ——=tam ~dx+
Yo o= S anz 297
or ytan3§=% (l—tan 2)tan =—dx+c
or ytan ———I(l -7 dt2+c,
t
| X_ 1 cop? Sndv o
[Put tanz-t = 5 sec 2dx—dt
2dt 2dt 2dt
= dx=—> = > = 2
secx/2 l+tan"x/2 1+t
or ytan = I dt+c or ytan ——j[—t +2—— 2 ]dt
£+1
or ytan3(x/2)=—(l/3)t +2t—2tan” "t+c
3X_ 13X x_ -1 X
or ~ ytan 2= 3tan‘2+2tan2 2 tan (tan2)+c
or (y+ 1/3) tan® (x/2) =2 tan (x/2) = x +c.

Ex. 4. Integrate (1 +x ) (dy/dx) + 2xy — 4x*=0. Ubtain equation of
the curve satisfying this equation and passing through the origin. (Agra 93)

. dy 2x 4x°
Sol. Rewriting the given equation, ——+ = )
B 1e piven SAOh & 1327 142

dx—log(l+x) so LF. —e“,d"—(l+x)

Here _'.de f

Hence the requ1rcd solutlon is

or y(1+x)= (4/3)x +e. (1)

Smcc the required curve passes through origin, (1) must satisfy the
condition x =0, y=0. Putting these in (1), we get ¢ = 0.

. Hence the required curve is 4x’ = 3y(1+x )

Ex. 5. Solve (x +2y*) (dy/dx) = y. (Rohilkhand 93 ; Agra 95
Delhi B.Sc. (G) 95, , 2002 ; Lucknow 95 ; Ravnshankar 92)

Sol. Here it is possible to | put the equation in form

_ dx/dy +Px=Q,.

d *+2% a1

5 b e have —=——— je. —— -~ x=2)? (D
Thusw pr " ie P yx 2% (’

0 (), [P dy=-[(1/y)dy==logy .. LF.=e"®=1/y.

o

Scanned with CamScanner



Equations of First Order and First Degree 47

—1/2
a . a a
—_C——[ ]_C+...__.C+

2L-1/2 Vi TN

or y=ex N - 1) +ax. : *

Exercise 2(L) ) _ |

1+ @y/de) +y=e™ * Ans. ye T2 (1/2) 295
(dy/dx) +y cotx =2 cos x. (Balgalore 94) Ans. y sinx=—(1/2) cos 2x +¢
.. (dy/dx) +ytanx—secx=0. Ans. ysecx=c+tanx
dy/dx=y tan x - 2 sin x. Ans. y=cosx+csecx
. (dy/dx) +2ytanx =sinx, given that y=0 when x=n/3.

L R =

Ans. y=cosx—2 cos? x

. cos® x (dy/dx) +y = tan x. (Bangalore 91) Ans.y=tanx-1l+ce '“"-,I x
. dy/dx+2 (y/x)=sinx. Ans. yx2= ¢ —x%cos x+ 2x sin x + 2 COS X
. (2x— 10y%) (dy/dx) +y=0. (Allahabad 93) Ans. x=c+2y°
. (xlogx) (dy/dx) +y=2log x. (Delhi B.Sc. 96)  Ans. ylogx=c +(log x)2
10. cosx (dy/dx)+y=sinx or (dy/dx)+ysecx=tanx. -

' Ans, y(secx+tanx)=secx+tanx—x+c¢
1L 1+ +G&- AN dy/d)=0.  Ans. xe™ Y= (1/2) 2 Yac
12. x(dy/dx) - y=2x* cosec x. (Kanpur 96) Ans, y=cx + xlog (tan x)
1B 2(-1)(@dy/d)+x (@ +1)y=x*-1. (Lucknow 94 ; Rohilkhand 94)

Ans, {y (®-1)}/x=logx+(1/2)x %} ¢
W x(x—1)dy/ds) - (x - 2)y;x_3 x-1).  Ans. (yc-D))/2=F-x+c

e =\ &

NS

15. (1+ x2) (dy/dx) + 2xy = cos x. (Merrut 98) Ans. y (1 + xz) =c+sinx
16. (dy/dx)—ytanx=¢" secx. Ans.ycosx=c+e’
17. secx (dy/dx) =y +sinx. Ans. y=ce®"" - (1 +sinx)
18, ylogy dc+ (£ log y) dy=0. (Delhi Hons. 1989)
Ans, xlogy=(1/2)(log y)2 +c
dy 4 1
19, —+ = (Delhi Hons. 1995)
a2 T2y
! An§.)'(x2+l)2=x+zr
20. sin2x (dy/dx)=y +tanx. Ans. y=tan x + ¢ Y{tan x)
2L (x+3y+2) (dy/dx)=1. ; Ans. x+3v+5=ce
22‘ (1= )dy/dn) ~xy= 1. Ans. y V62— 1) =~ log [(x+ V= 1))
3 (dy/dyy+ 0/x)=x% if y=1 when'x=1. Ans. dxy=2"+3
ub, u

X 1 —— .
dx |+x2y \(“12)2 if y=0, when x=1.

Ans, y (1 +.\‘2) =tan" v - (n/4)
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